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ABSTRACT
The initial orbits of infalling subhalos largely determine the subsequent evolution of the subhalos and satellite
galaxies therein and shed light on the assembly of their hosts. Using a large set of cosmological simulations
of various resolutions, we quantify the orbital distribution of subhalos at infall time and its mass and redshift
dependence in a large dynamic range. We further provide a unified and accurate model validated across cosmic
time, which can serve as the initial condition for semi-analytic models. We find that the infall velocity v follows
a universal distribution peaked near the host virial velocity Vh for any subhalo mass or redshift, while the infall
orbit is most radially biased when v ∼ Vh. Moreover, subhalos that have a higher host mass or a higher sub-to-host
ratio tend to move along a more radial direction with a relatively smaller angular momentum than their low
host mass or low sub-to-host ratio counterparts, though they share the same normalized orbital energy. These
relations are nearly independent of the redshift and very likely the cosmology when using the density peak
height as the proxy for host halo mass. The above trends are consistent with the scenario where the dynamical
environment is relatively colder for more massive structures because their own gravity is more likely to dominate
the local potentials. In addition, the external tidal fields seem to affect more the orbit direction rather than the
amplitude of the velocity.
Keywords: dark matter — galaxies: halos — galaxies: kinematics and dynamics — cosmology: theory —
methods: numerical — methods: statistical
1. INTRODUCTION
In the current hierarchical structure formation framework,
dark matter halos grow through the accretion of diffuse matter
and smaller halos. After infall, the subhalos will experience
dynamical friction, tidal heating, and stripping, and ultimately
get dissolved into the hosts (see, e.g., Zavala&Frenk 2019 and
references therein). In the meanwhile, the inhabiting satellite
galaxies might undergo morphology transformation arising
from ram-pressure stripping, strangulation, harassment, and
tidal shock heating; the interactions and mergers, especially
major mergers, can drive the evolution of the central galaxy
(Mo et al. 2010). The efficiency and the outcome of all of
these processes depend critically on the details of subhalo
orbits. On the other hand, the subhalos are building blocks
of larger halos; their orbital distribution can help us to under-
stand the phase-space structure of halos and the environment
dependence, including themass profile (Dalal et al. 2010), an-
gular momentum (Vitvitska et al. 2002; Bett & Frenk 2012;
Benson et al. 2020), and velocity anisotropy (Ludlow et al.
2011; Sparre & Hansen 2012; Shi et al. 2015). Moreover, the
satellite kinematics are widely used to infer the potential of
their hosts (e.g., Diaferio & Geller 1997; More et al. 2011;
Li et al. 2017, 2019) or model the redshift distortion (e.g.,
Blake et al. 2011; Shi et al. 2016). Therefore, the cosmo-
logical predictions for the orbital distribution of subhalos are
indispensable to modeling galaxy formation, understanding
halo structure, and interpreting observation.
The orbital distribution of subhalos at the time first entering
their host halo are of particular interest. It represents the initial
condition, which largely determines the subsequent evolution.
Hence, it becomes an important ingredient of semi-analytical
models (e.g., Baugh 2006; Yang et al. 2011; Jiang et al. 2020).
In addition, from a practical view, the pre-merger subhalos
in numerical simulations are more robust against the discrep-
ancy among subhalo finding algorithms (Han et al. 2012,
2018; Onions et al. 2012; Behroozi et al. 2013), the artifi-
cial disruption due to insufficient resolution (Han et al. 2016;
van den Bosch & Ogiya 2018), or the baryonic process (e.g.,
Zhu et al. 2016; Sawala et al. 2017; Richings et al. 2020).
Because these subhalos retain higher mass, reside in less
dense environments, and have barely experienced the com-
plicated dynamical interactions inside hosts compared to their
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evolved descendants. For this reason, semi-analytical models
based on these initial conditions can outperform simulations
in terms of numerical resolution, thus become valuable com-
plementary tools for its flexibility (Jiang et al. 2020).
In the idealized scenario of spherical collapse (see e.g., Mo
et al. 2010), a mass shell first expand radially until reaching
the turnaround radius Rta, then fall back onto the virialized
halo of size Rh ' 0.5Rta and mass Mh. Given the conserva-
tion of energy, −GMhRta = −
GMh
Rh
+ 12 v
2, the infalling materials
(including subhalos) are expected to move radially with ve-
locity v ' √GMh/Rh ≡ Vh when they first cross the host
virial radius Rh. This is clearly oversimplified, because the
overdensity regions are generally aspherical and perturbed by
surrounding structures, which can introduce randommotions.
More realistic descriptions have been studied using cosmo-
logical simulations. People find that subhalos at infall time
indeed move with velocities around Vh but have intermediate
orbital circularities, i.e., very radial or tangential orbits are
both relatively rare (e.g., Tormen 1997; Vitvitska et al. 2002).
The subhalos tend to follow more radial orbits with smaller
scaled angular momentum and pericenter distance for more
massive hosts (Wetzel 2011; Jiang et al. 2015) or higher sub-
to-hostmass ratio (Tormen 1997;Wang et al. 2005; Jiang et al.
2015). Their position vector and velocity are aligned with the
shape and spin of the hosts and with the principal axes of
external tidal fields (e.g., Benson 2005; Wang et al. 2005; Shi
et al. 2015; Kang & Wang 2015; Wang & Kang 2018), in
particular, the tangential velocity increases significantly with
the strength of the tidal field (Shi et al. 2015).
An accurate depiction of the mass and redshift dependence
for subhalo orbits is essential to model the halo assembly
and galaxy formation across cosmic time. However, most
works have focused on the host halos at z = 0 (e.g., Wang
et al. 2005; Jiang et al. 2015) or at very few time snapshots
(Benson 2005), and the limited sample size and dynamic
ranges have inhibited precisely characterizing the mass and
redshift dependence. Wetzel (2011) reported that the subhalo
orbits become more radial at higher redshift for given halo
mass, and provided fitting formulae to the orbital circularity
and pericentre distance as a function of the host mass and
redshift. Nevertheless, as pointed out by Jiang et al. (2015),
Wetzel was unable to detect the dependence on the sub-to-
host ratio and did not examine the correlation between the
two orbital parameters.
In this paper, we aim to provide a comprehensive and uni-
fied description of the orbits of infalling subhalos across cos-
mic time. Using merging halo pairs from 16 cosmological
simulations of various resolutions, the unprecedented large
sample size and dynamic range allow us to characterize the
joint distribution of orbital parameters and the mass and red-
shift dependence with high precision. While the general trend
is qualitatively consistent with previous discoveries, we have
much better statistics for the cases that are important but gen-
erally poorly covered in previous studies, including massive
cluster halos, major mergers, or halos at high redshift. More-
over, we find a clear dependence of the infall angle on the
velocity for the first time. The infall angle is most radially bi-
ased when v ∼ Vh, which is contrary to the assumption made
by Jiang et al. (2015).
It would be convenient to have analytical formulae for or-
bital distribution. However, the large parameter space makes
any unified description intractable, especially considering the
non-trivial redshift dependence reported by Wetzel (2011).
Inspired by the halo formation theory (e.g., Bardeen et al.
1986; Sheth et al. 2001; Mo et al. 2010), we find that using
the peak height ν as a proxy for host mass can remove the
redshift (and likely the cosmology) dependence, hence allows
us to build an accurate but simple model.
The structure of this paper is as follows. We first introduce
the simulations and merging halos in Section 2. We then
present our model for the orbital distribution in Section 3,
and verify the model with simulation data in Section 4. We
discuss the results in Section 5 and summarize in Section 6.
We adopt the host halo’s center and velocity as the reference
frame for subhalo kinematics through this paper. The Hubble
flow is included in subhalo velocity.
2. DATA AND METHOD
2.1. Simulations and halos
This work is based on a set of high resolution N-body sim-
ulations (Jing et al. 2007). It contains 16 realizations of three
resolutions that were carried out with the parallel particle-
particle-particle-mesh (P3M) code (Jing & Suto 2002) under
a flat ΛCDM cosmology with Ωm = 0.268, ΩΛ = 0.732,
H0 = 71 km s−1Mpc−1, ns = 1, σ8 = 0.85. Though the pa-
rameters are not most up to date, our results are expected to
be insensitive to the cosmological parameters, as we argue in
Section 5.2. Each realization contains 10243 particles within
periodic boundaries and outputs a series of snapshots equally
spaced in log(a). The detailed parameters, including the box
size, resolution, and output redshifts, are listed in Table 1.
The realizations belong to three different resolutions labeled
as L150, L300, and L600 respectively, according to the box
size in units of h−1Mpc. Such configuration not only enlarges
the sample size and dynamic range greatly but also enables
better discrimination of the numerical effects.
For each simulation snapshot, we identify the halos using
the standard Friends-of-Friends (FoF, Davis et al. 1985) al-
gorithm with a linking length equal to 0.2 times the mean
particle separation. The center and velocity of a halo are
specified by its largest subhalo (see below). The virial mass
Mh and radius Rh are defined as the quantities of a spherical
region enclosing the halo center with a mean density equal
to ∆virρcrit, where ∆vir is the virial factor (Bryan & Norman
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Table 1. Simulation parameters. The simulations are labeled into three groups by resolution. The columns present the label of the group, number
of realizations, box size, number of particles, particle mass, softening length, the redshift range and number of output snapshots respectively.
Label Nrealization Lbox Np mp soften zsnap Nsnap
h−1Mpc h−1M h−1kpc
L150 8 150 10243 2.34 × 108 5 [0.0, 16.9] 100
L300 4 300 10243 1.87 × 109 10 [0.0, 16.9] 100
L600 4 600 10243 1.50 × 1010 30 [0.0, 7.3] 24
1998), and ρcrit is the critical density of the universe at the
snapshot.
We apply the Hierarchical Bound-Tracing (HBT, Han et al.
2012) algorithm to search subhalos and build merger trees.1
HBT is considered as the state of the art code for finding and
tracing subhalos according to various systematical tests (Han
et al. 2012, 2018; Onions et al. 2012; Srisawat et al. 2013).
Unlike the conventional algorithms like SUBFIND (Springel
et al. 2001) that search subhalos at individual snapshots sep-
arately, HBT identifies (sub)halos as they form, tracks their
evolution as they merge, and builds their merger trees simul-
taneously, hence performs reliably even in the very dense
background of a host halo. The mass m of a subhalo is de-
fined as its self-bound mass, while the position and velocity
are defined as the average position and velocity of the most
bound 25% core particles. This definition is more physical
and robust than that based on the center of mass of all member
particles (see Han et al. 2012 for details).
To alleviate the numerical effects, we only use the subhalos
with more than 60 bound particles and halos with more than
600 particles within Rh. This halo mass limit corresponds to
Mh = 1.4 × 1011h−1M for L150 boxes (ν = 0.6 at z = 0,
ν = 4.1 at z = 8) and 9 × 1012h−1M for L600 boxes. We
have confirmed that the results from simulations of differ-
ent resolutions are consistent when using the above selection
criteria.
2.2. Merging halo pairs
We consider the subhalos that for the first time enter their
host halo, or say the halo pairs that just start to merge. More
specifically, at each snapshot, we pick the merging halo pair
that satisfies the following criteria:
• the center of subhalo is located in the virial radius of
the host halo at the current snapshot,
• but has not been enclosed by the virial radius of this
halo at any earlier snapshot.
Searching through all snapshots of 16 simulations, we find
6.6 × 106 such halo pairs in total, making a sample far larger
than that used in previous related work.
1 An updated version, HBT+ (Han et al. 2018), with improved speed,
user interface, and physical treatment to trapped subhalos is publicly available
online at https://github.com/Kambrian/HBTplus/
We further use the cubic spline to interpolate the subhalo
orbits between adjoint snapshots to find the precise crossing
time. Assuming that the halo size is evolving exponentially
with time, we solve the exact redshift z when the center of
the subhalo reaches the virial radius and the position and
velocity of subhalo, andmasses of both halos at this particular
moment. The details are given in the Appendix. Note that a
subhalo with a higher velocity tends to be found at a position
deeper in the halo, and thus shows a larger deviation from
the expected distribution at infall time. The interpolation can
help to reduce such artificial effects. Similar treatment has
been widely considered in earlier works (e.g., Benson 2005;
Jiang et al. 2015; Fillingham et al. 2015).
We then characterize the masses of each merging halo pair
by the dimensionless quantities, the sub-to-halo mass ratio,
ξ = m/Mh, and the host halo’s peak height, ν. The peak
height is defined as ν = δcol(z)/σ(Mh, z), where δcol(z) is the
critical overdensity required for spherical collapse at z and
σ2(Mh, z) is the variance of the density field smoothed on
scale of Mh predicted by linear theory (see Mo et al. 2010 for
details).2 It is a monotonic function of the halo mass at z (see
Figure 1) and represents the relative rank of the halo in a fair
and universal way across cosmic time. The peak height has
been widely adopted in halo formation studies, e.g., the mass
function (Press & Schechter 1974; Sheth et al. 2001; Tinker
et al. 2008), the shape (Jing & Suto 2002), and the growth
history (Zhao et al. 2009).
As demonstrated later in Section 4.1, the subhalo orbital
distribution does not depend on the redshift when ν and ξ
are controlled. Therefore, we can stack the halos at different
epochs to further enlarge the sample size and dynamic range
for better determining the orbital distribution and possible
mass dependence. Figure 1 shows the stacked sample binned
by ν and ξ. The number of halos is a decreasing function of
ν and ξ in theory. The actual distribution is truncated due to
the mass limit that depends on both resolution and redshift
(e.g., we can only resolve halos with large ν and ξ at high z),
thus appears non-monotonic in the figure.
2 Readers of interest can use the open-source code Colossus (Diemer &
Kravtsov 2015) at https://bitbucket.org/bdiemer/colossus/ to calculate ν as a
function of halo mass, redshift, and cosmological parameters.
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Figure 1. Number of halo pairs binned by the host halo’s peak
height, ν, and the sub-to-host mass ratio, ξ = m/Mh. The relations
between mass and ν at various z are shown in the lower panel for
reference.
It is worth pointing out the difference between two ways of
searching halos that are about to merge. Here we consider
the subhalos entering the host radius in a given time interval
between adjoint snapshots, as they are directly related to the
halo growth (see also Jiang et al. 2015). In early studies, peo-
ple conventionally examine the neighboring (sub)haloswithin
given distance interval (Rh, Rh+∆r) around the hosts at single
snapshot (e.g., Tormen 1997; Benson 2005;Wang et al. 2005;
Wetzel 2011). It is largely because the limited resolution pre-
vents people from identifying and tracing subhalos across
time. When using such scheme, one must apply a weighting
to correct for the underrepresentation of satellites with larger
infall velocity or more radial orbit, as they spend less time
in this radial interval. Moreover, caution should be exercised
when treating the major mergers (Benson 2005). In contrast,
taking advantage of merger trees, our sample naturally forms
a complete census of all the accreted subhalos.
In the following, some more details about the sample are
provided for readers of interest. A host halo at a given snap-
shot might occur in our sample multiple times if it is merging
with multiple subhalos simultaneously. Similarly, a subhalo
might occur multiple times in our sample at different redshifts
if it enters into different halos successively. Such subhalos can
be high-speed flybys or sub-subhalos accreted into a new host
along with their original host (sub)halos. The HBT algorithm
has recorded the hierarchy of subhalos, and the sub-subhalos
account for 15% of our halo pairs. We find that the result of
this paper is almost unchanged if excluding the sub-subhalos
from the sample.
We count all the newly accreted subhalos though they do
not necessarily stay within Rh afterward. After the first infall,
a subhalo with high energy may escape as a flyby or, more
likely, traverse the halo radius multiple times until eventually
getting trapped due to dynamical friction and mass growth
of the host. For this reason, we do not exclude high-speed
subhalos.
3. MODEL
Through systematical analysis of the sample in Section 2,
we find that the following model provides a comprehensive
and accurate description of the orbital parameter distribution
of infalling subhalos across cosmic time. The model valida-
tion with cosmological simulations and related discussion are
given in Section 4 and 5.
For a spherical potential, the orbit of a satellite halo can be
specified by two independent parameters. Here we consider
the infall velocity, v, and the angle, θ, between the position
vector and the velocity. The radial and tangential velocity are
thus vr = v cos θ and vt = v sin θ respectively. As shown in
Section 3.1, it is straightforward to transform from a set of
orbital parameters to another.
• The normalized velocity, u = v/Vh, of infalling subhalos
follows a log-normal distribution,
p(u) du = 1√
2piσ1
exp
[
− ln
2(u/µ)
2σ21
]
du
u
, (1)
where Vh =
√
GMh/Rh is the virial velocity of the host halo.
We find that the distribution of velocity is nearly independent
of redshift or the masses of both halos.
• The infall angle in terms of cos2 θ = v2r /v2 follows an
exponential distribution that depends on the velocity u, the
peak height of the host ν, and the sub-to-host mass ratio ξ,
p(cos2 θ | u, ν, ξ) d cos2 θ = η
eη − 1 exp
(
η cos2 θ
)
d cos2 θ,
(2)
where η is a function of u, ν and ξ,
η = (a0 + a1ν + a2ξa3 ) exp
[
− ln
2min(u,√2)
2σ22
]
. (3)
Here cos2 θ is used for its simplicity of functional form. The
distribution of θ then writes p(θ) = 2 sin θ cos θp(cos2 θ).
A larger positive η implies that the infalling orbits are more
radial on average. As demonstrated in Section 3.2, η = 0
represents a fully isotropic motion of subhalos at the halo
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Table 2. Constants of the orbital distribution model for Equation (1)
and (3).
µ σ1 σ2 a0 a1 a2 a3
1.21 0.22 0.40 −0.97 0.74 4.8 0.40
radius. We suggest taking η = 0 if a negative value is given
by Equation (3).
• The joint distribution of u and θ then writes
p(u, θ | ν, ξ) = p(u)p(θ | u, ν, ξ). (4)
Fitting the model with our halo sample, we obtain the values
of the constants in Equation (1) and (3), µ, σ1, σ2, a0, a1, a2
and a3, which are listed in Table 2.
Remarkably, such a simple model can well describe the
joint distribution of orbital parameters and the mass depen-
dence in a large dynamic range across cosmic time. This
model is much simpler than those in literature. Most authors
only provide fitting results in several mass or redshift bins
separately (e.g. Benson 2005; Wang et al. 2005; Jiang et al.
2015). Wetzel (2011) has employed up to 12 free parameters
to fit the time evolution and host mass dependence, while
some more would be required if further including the subhalo
mass dependence and the correlation between orbital prop-
erties. The simplicity and accuracy of our model should be
attributed to the use of the dimensionless variables (ν and ξ)
motivated by halo formation theory and the appropriate sep-
aration of the physical components. It also warrants further
investigation of the mechanism behind.
Noticing that µ ' e4σ21 (hence p(u) ∝ u3 exp[− ln2 u2σ21 ]), it
seems not a simple coincidence (see Section 3.2) and possibly
allow us to further simplify the model.
3.1. Distribution of other orbital parameters
There are various choices for the two parameters to specify
an orbit in spherical potential. This paper (and, e.g., Benson
2005; Wang et al. 2005; Jiang et al. 2015) uses the veloci-
ties at infall for being simple and directly measurable. Other
choices in the literature include the energy, E , and the angular
momentum (e.g., Li et al. 2017), the radius of circular orbit
for given E and the orbital circularity (Tormen 1997; van den
Bosch 2017), and the pericenter distance (or orbit semi-major
axis) and the eccentricity (Benson 2005;Wetzel 2011). These
have the advantage of depending only on the conserved quan-
tities but require modeling the halo potential. In particular,
the use of circularity is motivated by theoretical modeling to
the dynamical friction (e.g., Lacey & Cole 1993; Jiang et al.
2008). It is straightforward to derive the distribution of any
orbital parameters from our p(v, θ) model through variable
transformation and possibly marginalization.
For example, the joint distribution of vr, vt is given by
p(vr, vt) = 1
v
p(v, θ), (5)
where |∂(vr, vt)/∂(v, θ)| = v is used in the derivation. See
Figure 7 for an illustration.
The joint distribution of the specific orbital energy, E =
Φ0 +
1
2 v
2 and the angular momentum, L = rvt, writes
p(E, L) = 1
v2r cos θ
p(v, θ), (6)
where Φ0 = Φ(Rh) is the potential energy at r = Rh and the
Jacobian |∂(E, L)/∂(v, θ)| = v2r cos θ is used. We can also
derive the marginalized distribution. It is straightforward
to show that E follows a log-normal distribution similar to
velocity,
p(E) = 1√
2piσE (E − Φ0)
exp
{
− ln
2 [(E − Φ0)/µE ]
2σ2E
}
, (7)
where µE = 12 µ
2V2h and σE = 2σ1. Meanwhile, L follows
p(L) =
∫
δ(L − rv sin θ)p(v, θ) dv dθ =
∫ pi
2
0
p(v ′, θ)dθ
r sin θ
,
(8)
where v ′ = L/(r sin θ).
3.2. Phase-space density of infalling subhalos
Here we derive the relation between the orbital distribution
of accreted subhalos in given time interval and the 6D phase-
space density of the infalling subhalos in radial interval near
the halo radius. While the former is directly related to halo
assembly as mentioned in Section 2.2, the latter is more rele-
vant to the underlying dynamics and helpful in understanding
the model in Section 3.
The phase-space density is defined as f (r, v) = d6N/d3r d3v.
Because f (r, v) only depends on (r, vr, vt) under spherical
symmetry, we can write f (r, v) = f (r, vr, vt) or f (r, v, θ) for
convenience, though f still represents the 6D phase-space
density (see e.g., Li et al. 2019). We only consider the
distribution at the virial radius r = Rh, then f (as function
of v) actually stands for the velocity ellipsoid. Note that
here f represents the distribution of the subhalos at infall
time, which is different from the present-day distribution.
One can obtain the latter by integrating the former over the
halo assembly history with necessary treatments of subhalo
disruption and orbital evolution.
For fixed v and θ, the subhalos in a shell r ∈ [Rh, Rh +
vr dt] can enter the halo (and hence our sample) during the
time interval dt. The volume of the shell is then d3r =
4piR2h v cos θ dt. Now we can calculate the number of such
6 Li et al.
infalling subhalos during dt,
p(v, θ) dv dθ ∝
∫
r,φ
f (r, v)v2 sin θ dv dθ dφ d3r
= 8pi2R2h dt × v3 sin θ cos θ f (Rh, v, θ) dv dθ
∝ v3 f (Rh, v, θ) dv d cos2 θ. (9)
So the orbital distribution of accreted subhalos, p(v, θ), differs
from the phase-space distribution, f (r = Rh, v, θ), by a factor
of v3 sin θ cos θ besides the normalization.
If the subhalos move isotropically such that f (r, v) is in-
dependent of θ, then cos2 θ of infalling subhalos follows a
uniform distribution which corresponds to η = 0 in Equa-
tion (2).
Moreover, it can be seen that the typical velocity of the
accreted subhalos is larger than the characteristic velocity in
phase space because of the factor v3. Interestingly, solving
argmaxv,θ f (r = Rh, v, θ) we find that the most probable ve-
locity vector in the phase space is vmode = µe−4σ
2
1Vh ' Vh
and θmode = 0 (i.e., vr ' Vh, vt = 0) which is exactly the
expectation of spherical collapse. This is clearly shown in
Figure 8.
4. MODEL VALIDATION
In this section, we validate the model of the subhalo initial
orbital distribution using cosmological simulation data. We
first examine the general trends of the mass and redshift de-
pendence in Section 4.1, then study the detailed distribution
of velocity and infall angle respectively in Section 4.2 and
Section 4.3, and the joint distribution in Section 4.4. The
interpretation and discussion of the results are given in Sec-
tion 5.
4.1. General trends
Figure 2 shows the median and dispersion of the infall ve-
locity, v, and the median of radial and tangential components,
vr and vt, as a function of redshift respectively. For the first
time, we demonstrate that the orbital distribution of infalling
subhalos is nearly independent of redshift when the host peak
height, ν, and sub-to-host ratio, ξ, are controlled.
On the other hand, the velocities show apparent systematic
changeswith both ν and ξ. Themass dependence is illustrated
more clearly in Figure 3, where we show the halos within the
whole redshift range with better statistics. The subhalos with
larger ν or ξ have smaller vt and slightly larger vr, hence more
radial orbits, while their total velocities keep almost the same
median value ∼ 1.2 Vh. Our result confirms the dependence
on the mass of both halos reported in previously (Tormen
1997; Wang et al. 2005; Jiang et al. 2015) but in a larger
dynamic range, especially the very massive cluster halos and
major mergers that were generally poorly covered.
Wetzel (2011) found that for halo pairs of fixed masses,
〈v〉 ∼ 1.15Vh is almost irrelevant to redshift, while vr is larger
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Figure 3. Orbital parameters as a function of the host mass ν and
sub-to-host ratio ξ. The four panels show respectively the median
value of v, vr, and vt and the mean of cos2 θ = v2r /v2 for merging
halos binned by ν and ξ. All velocities are shown in units of the
host virial velocity. The subhalos with higher ν or ξ are more likely
to fall along the radial direction due to smaller vt, though they have
a similar vr and almost the same total velocity as their low ν, ξ
counterparts.
and vt is smaller at higher z. This trend is consistent with
our findings, noting that ν for fixed mass is larger at higher
z. Wetzel has also examined that picking halos with fixed
Mh/M∗(z) instead of Mh at different redshifts can not remove
the redshift dependence, where M∗(z) is the characteristic
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mass (s.t. ν(M∗, z) = 1). He interpreted it as an intrinsic
redshift dependence, which is contrary to our findings using
ν. The discrepancy is because the spectrum of the Universe
is not a power-law, so that ν is a better representative than
M/M∗ to characterize the halo size across cosmic time.
4.2. Velocity
As shown in Figure 2, the median and the dispersion of the
velocity v are almost independent of redshift and mass, which
implies a nearly universal distribution p(v).
The independence on redshift allows us to use a larger sam-
ple by combining data at different epochs to study the mass
dependence in detail. Figure 4 shows the velocity distribu-
tions of subhalos in various host mass ν and sub-to-host ratio
ξ bins. We find that the log-normal distribution (Equation 1)
presents a good description for all cases. The distribution
peaks at µe−σ21 ' 1.15, which has been reported in various
literatures (Wetzel 2011; Jiang et al. 2015).
However, looking closely into the figure, the data shows
more extended tails than log-normal, especially for v > 1.7Vh.
It is possible to find a more complex form to fit the long tail of
the distribution. For now, we are satisfied with log-normal for
its simplicity, also because the subhalos with extremely high
velocity are likely to be fly-bys, thus less interesting for semi-
analytical models. Nevertheless, it is worth understanding
better the origin and possible influence of such high-speed
subhalos in the future.
Moreover, one could find a weak mass dependence for ve-
locity distribution. In particular, the subhalos within small
host halos (ν = 0.8, dotted lines) show more extended tails at
the high-velocity end (v > 2Vh) in Figure 4, and consequently,
have larger velocity dispersions as shown in the lower panel
of Figure 2. As we argue in Section 5.1, this is likely be-
cause the environment is relatively hotter for smaller halos.
Their satellites might get accelerated greatly by the external
tidal field from massive neighboring clusters and large scale
structures.
There are other functional forms used to fit the velocity dis-
tribution, e.g., theMaxwell distribution (Vitvitska et al. 2002)
andVoigt distribution (Jiang et al. 2015), which, however, can
not reveal the skewed tail at large v as log-normal.
4.3. Infall angle
Figure 5 shows the distribution of the infall angle in terms
of cos2 θ = v2r /v2 for different ν and ξ bins. cos2 θ can be
perfectly described by the exponential function (Equation 2),
dN/dcos2 θ ∝ exp (η cos2 θ) . We use the relation 〈cos2 θ〉 =
eη/(eη − 1) − 1/η to solve the best-fit η from the average
of cos2 θ in each bin. Note that a larger η implies that θ
is smaller on average and the orbits are more radial, while
η = 0 represents isotropic inflow pattern (see Section 3.2).
The mass dependence of the infall angle is again confirmed
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Figure 4. Infall velocity distribution for different host mass ν and
sub-to-host ratio ξ bins. ν and ξ of each bin are indicated by the
line style and color, respectively. The cyan thick solid line shows
our model (Equation 1), which is a log-normal distribution.
and consistent with the trends in Section 4.1 that θ is smaller
for larger ν or ξ.
A complete description of the orbits comprises the veloc-
ity distribution, p(v), and the conditional distribution of the
falling angle for given velocity, p(θ |v). Due to the limitation
of sample size in the previous work, p(θ |v) has not been in-
vestigated directly. Jiang et al. (2015) assumed that p(θ) is
independent of v. However, they did not examine it explicitly.
On the contrary, we find that p(θ) actually varies with v in a
non-monotonic way.
We find that the exponential function is still an excellent
description to p(cos2 θ) if further binning the sample by v, so
we can use a single parameter η as representative to p(cos2 θ).
Figure 6 shows η as function of v. When v is close to Vh, the
virial velocity of the host, η reaches its maximum so that
the subhalo orbits are most radially distributed. When v
is much smaller or larger than Vh, the subhalos tend move
more isotropically. Our model prediction from Equation (3)
and Table 2 well captures the general trends, especially for
v ∼ Vh.
It is worth pointing out that η > 0 for nearly all the (v, ν, ξ)
bins (also justified by
〈
cos2 θ
〉
> 0.5 in Figure 3), which
means the radial motion is always stronger than or at least
equal to the tangential one in the sense of
〈
v2r /v2
〉
>
〈
v2t /v2
〉
.
Lastly, similar but non-equivalent exponential forms have
been proposed to describe the angle distribution by Wang
et al. (2005) and Jiang et al. (2015). Nevertheless, we find
our Equation (2) provides a more accurate description to the
data as shown in Figure 5. As to the velocity dependence in
Figure 6, it is possible to further improve the fitness of Equa-
tion (3) by introducingmore degrees of freedom, for example,
replacing the
√
2 term by
√
2 − 0.15(ν − 2.5). However, the
actual improvement is limited, because most subhalos have
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Figure 5. Distribution of the infall angle in terms of cos2 θ for different host mass ν (panels) and sub-to-host ratio ξ (colors) bins. The solid
lines show the distributions of our halo sample, while the dashed lines represent fits of exponential function characterized by a single parameter
η (Equation 2).
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Figure 6. Distribution of infall angle as function of velocity. The distribution of angle is fully characterized by single parameter η (Equation 2),
which depends on the velocity v (x-axis), the host mass ν (panels) and sub-to-host ratio ξ (colors, see legend of Figure 5). The solid lines show
the value of η fitted individually in each (v, ν, ξ) bin, the dashed lines show our unified model (Equation 3). Note that larger η stands for more
radial infall direction.
velocities around Vh. Therefore, we prefer the current model
for its simplicity.
4.4. Joint distribution
We further demonstrate the validity of our model with the
2D velocity distribution p(vr, vt) in Figure 7. The right panels
show our model prediction using the variable transformation
in Equation (5). Our model well captures the shapes of these
distributions and mass dependence for various ν and ξ bins.
Despite the clear mass dependence, the general similarity of
the velocity distributions is also notable, especially when the
sub-to-host ratio is small (as for most subhalos).
Figure 8 shows the phase space density of infalling subhalos
derived in Section 3.2. The contours represent f (Rh, vr, vt) as
function of vr and vt, which is actually a slice of the velocity
ellipsoid. It is clear that the velocity ellipsoid always peaks
at vr ' Vh and vt = 0, which is exactly the expectation of
spherical collapse. The velocity ellipsoid shows strong radial
inflow pattern when ν or ξ is large, while approaches isotropic
when ν and ξ are both small. This implies that the external
tidal fields mainly change the directions of subhalo orbits, but
do not alter much the amplitude of the velocities on average.
Moreover, the contours also show that the phase-space distri-
bution is more uniform along θ when v is significantly larger
or smaller than Vh.
5. DISCUSSION
5.1. Interpretation of results from environmental effects
The external tidal field raised from nearby objects and the
large scale structure can change the velocity and moving di-
rection of infalling subhalos, therefore, leading to deviation
from the idealized radial inflow withVh expected by spherical
collapse. Consequently, halos have different accretion flow
patterns in different environments (e.g., Shi et al. 2015; Kang
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Figure 8. Similar to left panel of Figure 7, but showing the phase-
space density derived in Section 3.2. The color contours represent
f (Rh, vr, vt) as function of vr and vt, which is actually a slice of the
velocity ellipsoid. It is clear that the velocity always peaks at Vh
(black dashed arc) and the velocity ellipsoid approaches isotropic
when ν and ξ are both small.
&Wang 2015;Wang &Kang 2018) and hence different inter-
nal properties (Wang et al. 2011). In particular, the motions
of subhalos become more aligned with the tidal field’s prin-
cipal axes when the tidal strength is stronger (Shi et al. 2015).
In the extreme case, if the local potential is completely dom-
inated by the external field, the velocity ellipsoid of subhalos
should be isotropic on average, because the radial direction
related to the target halo is no longer special. It is exactly
what we have seen for the case that ν and ξ are both small in
Figure 8. We believe the results reported in this paper can be
understood intuitively by environmental factors as following.
• Mass dependence. It is obvious that the relative strength
of external effects depends on the halo mass. Very massive
halos generally dominate the surrounding potential field, so
naturally, their satellites fall rather radially with v ∼ Vh. It
is also consistent with the halo formation theory, that more
massive halos form from more spherical overdensities with
accreting matter containing less specific angular momentum
(Zel’dovich 1970; Bardeen et al. 1986; Sheth et al. 2001).
Perhaps similarly, more massive subhalos are more resistant
to perturbations from nearby subhalos and hence able to better
keep their infalling motions. Conversely, low mass halos
and low mass subhalos are more vulnerable to environmental
factors that lead to a more random orbital direction (thus
showing a larger tangential component).
• p(v) and p(θ |v). The external field can either accelerate
or decelerate the velocity components. Eventually, it affects
the direction ofmotionmore than the amplitude of velocity on
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average. It is probably why we find a nearly universal p(v) but
an angular distribution depending onmass. Nevertheless, low
mass hosts indeed have slightly more subhalos with extreme
velocities, as shown in Figure 4. Moreover, any significant
deviation from the ideal velocity of Vh implies strong exter-
nal effects typically associated with random motions. This
explains the correlation between v and θ that subhalos have
more radial orbits when v ∼ Vh, and more random directions
otherwise (Figure 6). Noting the angle distribution seems to
have a plateau at v &
√
2Vh for massive halos in Figure 6, it is
probably caused by the alignment between the halo shape and
the large scale structure (e.g., Kang & Wang 2015). Though
such subhalos are mainly accelerated by the large scale struc-
ture rather than their hosts, their motions are not fully random
relative to their hosts due to this alignment.
Interestingly, neither ν nor ξ can solely bring η to zero
(see Equation 3), unless they are both small. Even for the
smallest halos in our sample, the major mergers still shows a
somewhat radial inflow pattern. Thus, the dependence of ν
and that of ξ seem to be indeed representations of different
aspects of the environment. On the other hand, Equation 3
shows that they take effect together only though a single factor
A ≡ (a0 + a1ν + a2ξa3 ), which might have particular physical
meaning and warrant future investigation.
Lastly, if the mass dependence is a reflection of the environ-
mental dependence behind, as argued above, then it is at most
a partial reflection, as halos of the same masses can reside
in very different environments. For example, small halos can
also dominate locally and have similarly strong radial inflow
as massive halos if they are rather isolated. The final state of
a halo should rely on the whole history of both mass growth
and the environment.
5.2. Dependence on cosmology
As shown in Section 4.1, The subhalo orbital distribution is
nearly independent of redshift when the host peak height, ν,
and the mass ratio, ξ, are controlled. Noting that the dramatic
changes of the cosmological parameters across cosmic time
in our simulations (e.g., Ωm evolves from 0.99 to 0.27, and
σ8 evolves from 0.12 to 0.85 since z = 8), it seems very
reasonable to believe that our results are largely insensitive
to the cosmology, especially to any cold dark matter (CDM)
cosmology. It is because the dimensionless variables ν and
ξ, that are motivated by halo formation theory, present the
relative rank of the halos and subhalos in a very general and
universal way. This virtue has also been justified by the
universal halo mass function (e.g., Press & Schechter 1974;
Sheth et al. 2001; Jenkins et al. 2001; Tinker et al. 2008), halo
growth history (e.g., Zhao et al. 2009; van den Bosch et al.
2014), and subhalo mass function (e.g., Gao et al. 2004; Han
et al. 2018) in terms of ν or ξ.
In other cosmologies, e.g., the warm dark matter (WDM)
model, the mass function and internal structure of halos or
subhalos are very different from those in CDM. Nevertheless,
we expect that our results (or at least the trends) still hold
to a certain extent, because the inflow of subhalos is mainly
dominated by the gravity of their host after all.
6. CONCLUSION
In this paper, we are aiming to provide a comprehensive and
unified description of the initial orbits of infalling subhalos
across cosmic time. Using 16 cosmological simulations of
various resolutions, the unprecedented large sample size and
dynamic range allow us to characterize the joint distribution
of orbital parameters and its dependence on the host mass
(in terms of peak height), ν , sub-to-host mass ratio, ξ, and
redshift, z, with high precision.
An accurate but simple model, p(v, θ |ν, ξ; z), is proposed
(Section 3) and validated with simulations (Section 4). More
specifically, we find that:
• The infall velocity, v, follows a nearly universal log-
normal distribution (fig. 4), so does the orbital energy. The
velocity spheroid peaks at vr ' Vh and vt = 0 as expected by
spherical collapse (fig. 8).
• The infall angle (cos2 θ) follows an exponential distribu-
tion that depends on v, ν and ξ (fig. 5). The orbits are most
radially biased when v ∼ Vh (fig. 6).
• Subhalos with higher ν or ξ have more radial orbits with
relatively smaller angular momentum or pericenter distance
(fig. 3). Subhalos tend to move isotropically when ν and ξ
are both small (fig. 8).
• The above description is nearly independent of redshift
and likely cosmology (fig. 2, sec. 5.2).
• It is consistent with the scenario where the dynamical
environment is relatively colder for massive structures be-
cause their gravity more likely dominates the local potential
(sec. 5.1).
• The external tidal fields generally affect the direction
rather than the amplitude of subhalo velocity on average
(fig. 8).
We have confirmed the mass dependence of subhalo or-
bits reported in the literature (see introduction) in a much
larger dynamic range with better statistics. More importantly,
we have proposed a unified quantitative description validated
across cosmic time.
Note that our data covers 0.6 ≤ ν . 4.5 (corresponding to
1011.2∼15.5h−1M at z = 0 and 10−0.8∼11.5h−1M at z = 8, see
Figure 1), 10−5 . ξ ≤ 1, and 0 ≤ z . 8, it is remarkable that a
simple model can well characterize the orbital distribution for
such wide parameter space. The simplicity and accuracy of
our model could be attributed to the use of the dimensionless
variables (ν and ξ) motivated by halo formation theory and
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the appropriate separation of the physical components. It also
warrants further investigation of the mechanism behind.
Our model can be used as the initial condition in semi-
analytic models of galaxy formation (e.g., Yang et al. 2011;
Jiang et al. 2020; S. Green et al. in prep. 2020) along with
the halo growth history (Zhao et al. 2009) and subhalo mass
function (e.g., Gao et al. 2004; Han et al. 2018) and accretion
rate (e.g., Lacey & Cole 1993; Yang et al. 2011; Fakhouri
et al. 2010; FY Dong et al. in prep.). It also enables a better
understanding of the halo structures and their dependence on
environments. For example, more massive halos are expected
to have higher velocity anisotropy, so are the isolated halos.
More specifically, the final dynamical state of a halo would
depend on the whole history considering that ν can change
with time and result in different accretion patterns.
Besides the mass dependence discussed above, we have
to emphasize the general similarity in subhalo infall pattern
across cosmic time, especially when the sub-to-host ratio is
small (as for most of the subhalos and probably the diffuse
matter). Subhalos are the building blocks of halos, therefore,
this similarity in initial kinematics and the universal subhalo
mass function might eventually help to understand the many
reported universal self-similar halo properties, e.g., the den-
sity profile (Navarro et al. 1996, 2004), pseudo-phase space
profile (Taylor & Navarro 2001; Navarro et al. 2010), angular
momentum distribution (White 1984; Bullock et al. 2001),
and the subhalo spatial distribution (Han et al. 2016) and
kinematics (Li et al. 2019).
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APPENDIX
A. ORBIT INTERPOLATION
We use the cubic spline to interpolate the subhalo orbits be-
tween adjoint snapshots to find the precise crossing time. Cu-
bic splines are smooth curves with continuous second-order
derivative (aka the acceleration). Specifically, each compo-
nent of the position and velocity {xi, vi}i=1,2,3 is interpolated
separately by the following equation,
xi(t) =ai0 + ai1t + ai2t2 + ai3t3,
vi(t) =ai1 + 2ai2t + 3ai3t2.
(A1)
The 12 unknowns, {ai j}, are determined by substituting
xi and vi at adjoint snapshots. We approximate the halo
growth by exponential function of time between the snap-
shots, ln Rh(t) = b0 + b1t, then solve the exact infall time
tinf that satisfies |x(t)| = Rh(t) and calculate corresponding
x(tinf), v(tinf). Similarly, we interpolate the masses of both
halos exponentially to the infall time.
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